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Àííîòàöèÿ
A review of the photon-number tomography and sympleti tomography as examples of
star-produt quantization is presented. The lassial statistial mehanis is onsidered within
the framework of the tomographi representation.
1 INTRODUCTION
In quantum mehanis, the state is desribed by the wave funtion or density matrix (density
operator). In lassial mehanis, the state of system with utuations is desribed by the probability-
distribution funtion. The quantum and lassial natures are desribed using dierent objets
 operators and funtions. But for more easy understanding the nature of systems whih has
lassial and quantum parts, it is neessary to have the same language for both elds. So, we need
the representation in whih lassial and quantum states are desribed by the same objet  the
probability distribution funtion. For this purpose, the tomographi probability representation
of quantum mehanis for ontinious variables alled sympleti tomography was introdued
in [13℄. The probability representation of quantum mehanis was extended to the ase of disrete
variables in innite domain (photon-number tomography) in [35℄. The name photon-number
tomography was given in [3℄ for eluidating the physial meaning of measuring the quantum state
by means of measuring the number of photons (i.e., photon statistis). Photon-number tomography
is the method to reonstrut the density operator of quantum state using measurable probability-
distribution funtion (photon statistis) alled tomogram. The tomographi-probability representation
of lassial states was introdued in [69℄. In the probability representation, the quantum states
and the lassial states are desribed by the same objets  tomograms. Tomograms are positive
measurable probability-distribution funtions of random variables. In order to desribe observables
by funtions instead of operators in quantum mehanis, the quantization based on star-produt
of funtions is used. In [10, 11℄ it was shown that the sympleti-tomography sheme is a new
example of quantization based on star-produt of funtions  symbols of operators. In [12, 13℄ it
was shown that photon-number tomography is an example of the star-produt quantization.
The aim of this paper is to present a review of the tomographi approahes and their onnetion
with star-produt quantization sheme.
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2 GENERAL STAR-PRODUCT SCHEME
Following [10,11℄, we onsider a density operator ρˆ ating in a given Hilbert spae. Let us suppose
that we have a set of operators Uˆ(x) ating in the Hilbert spae H , where the n-dimensional vetor
x = (x1, x2 . . . , xn) labels the partiular operator in the set. We onstrut the c-number funtion
wρˆ(x) using the denition
wρˆ(x) = Tr (ρˆUˆ(x)). (1)
The funtion wρˆ(x) is alled tomogram, it is the symbol of density operator ρˆ, and the operators
Uˆ(x) are dequantizers [14℄. We suppose that this relation has the inverse, i.e., there exists the set
of operators Dˆ(x) ating in the Hilbert spae suh that
ρˆ =
∫
wρˆ(x)Dˆ(x) dx. (2)
The operators Dˆ(x) are quantizers [14℄. Formulas (1) and (2) are selfonsistent, if one has the
following property of the quantizers and dequantizers:
Tr
[
Uˆ(x)Dˆ(x′)
]
= δ (x− x′) . (3)
Relations (1) and (2) determine the invertable map of the density operator ρˆ onto funtion 
tomogram wρˆ(x). We introdue the assoiative produt (star-produt) of two tomograms wρˆ1(x)
and wρˆ2(x) orresponding to two density operators ρˆ1 and ρˆ2, respetively, by the relations
wρˆ1ρˆ2(x) = wρˆ1(x) ∗ wρˆ2(x) = Tr (ρˆ1ρˆ2Uˆ(x)). (4)
The map provides the nonloal produt of two tomograms (star-produt)
wρˆ1(x) ∗ wρˆ2(x) =
∫
wρˆ1(x
′′)wρˆ2(x
′)K(x′′,x′,x) dx′ dx′′.
The kernel of the star-produt is linear with respet to the dequantizer and nonlinear in the
quantizer operator
K(x′′,x′,x) = Tr
[
Dˆ(x′′)Dˆ(x′)Uˆ(x)
]
.
The assoiativity ondition for tomograms means that the kernel of star-produt of tomograms
K(x′′,x′,x) satises the nonlinear equation [14℄∫
K(x1,x2,y)K(y,x3,x4)dy =
∫
K(x1,y,x4)K(x2,x3,y)dy. (5)
3 SYMPLECTIC TOMOGRAPHY
Now we onsider the sympleti-tomography sheme [1℄ as an example of the star-produt quantization,
following [10,11℄. In this sheme, the tomographi symbol of the density operator ρˆ alled sympleti
tomogram wρˆ(x) is obtained due to fomula (1) by means of the dequantizer
Uˆ(X, µ, ν) = δ(X 1ˆ− µqˆ − νpˆ),
where vetor x = (X, µ, ν) has the oordinates whih are real numbers and 1ˆ is identity operator.
The operators qˆ and pˆ are the position and momentum operators, respetively. The sympleti
tomogram w (X, µ, ν) depends on the two extra real parameters µ and ν. The physial meaning
of the parameters µ and ν is that they desribe an ensemble of rotated and saled referene
frames in whih the position X is measured. For µ = cos ϕ and ν = sin ϕ, the sympleti
tomogram oinides with the marginal distribution for the homodyne-output variable used in
optial tomography [15, 16℄.
Sympleti tomogram an be determined as the expetation value of the delta-funtion alulated
with the help of the density operator
w (X, µ, ν) = 〈δ (µqˆ + νpˆ−X)〉. (6)
The sympleti tomogram is nonnegative funtion
w (X, µ, ν) ≥ 0,
and it is normalized with respet to the variable X
∫
w (X, µ, ν) dX = 1.
The tomogram is a homogenious funtion
w (λX, λµ, λν) = |λ|−1w (X, µ, ν) .
The density operator of the state an be reonstruted in the sympleti tomography sheme, in
view of (2), with the help of quantizer
Dˆ(X, µ, ν) = 1
2pi
exp
(
iX 1ˆ− iνpˆ− iµqˆ
)
.
Sine the density operator determines ompletely the quantum state of a system and, on the
other hand, the density operator itself is ompletely determined by sympleti tomogram, one
an use for desribing quantum states sympleti tomograms (positive and normalized) whih are
probability-distribution funtions analogous to the lassial ones. The quantum state is given if
the position probability distribution w (X, µ, ν) in an ensemble of rotated and squeezed referene
frames in phase spae is given. The information ontained in sympleti tomogram w (X, µ, ν)
is overomplete. To determine the quantum state, it is enough to know the values of sympleti
tomogram of the state for arguments satisfying the following ondition: (µ2 + ν2 = 1) , where
µ = cosϕ.
The kernel of star-produt of two sympleti tomograms of density operators ρˆ1 and ρˆ2 has
the following form [10℄:
K(X1, µ1, ν1, X2, µ2, ν2, Xµ, ν) =
δ
(
µ(ν1 + ν2)− ν(µ1 + µ2)
)
4pi2
× exp
( i
2
{
(ν1µ2 − ν2µ1) + 2X1 + 2X2 − 2(ν1 + ν2)X
ν
})
.
4 PHOTON-NUMBER TOMOGRAPHY
The photon-number tomogram dened by the relation
ω(n, α) = 〈n | Dˆ(α)ρˆDˆ−1(α) | n〉 (7)
is the funtion of integer photon number n and omplex number α = Reα+ i Imα, where ρˆ is the
state density operator and Dˆ(α) is the Weyl displaement operator
Dˆ(α) = exp(αaˆ† − α∗aˆ).
The photon-number tomogram is a symbol of the density operator
ω(n, α) = Tr
[
ρˆ Uˆ(x)
]
, (8)
where dequantizer Uˆ(x) reads
Uˆ(x) = Dˆ(α)|n〉〈n|Dˆ−1(α), x = (n, α).
The density operator an be reonstruted from the photon-number tomogram with the help of
the inverse formula [35℄
ρˆ =
∞∑
n=0
∫ 4 d2α
pi(1− s2)
(
s− 1
s+ 1
)(aˆ†+α∗)(aˆ+α)−n
ω(n, α), (9)
where s is an arbitrary ordering parameter [17℄. The quantizer in the photon-number-tomography
sheme is
Dˆ(x) = 4
pi(1− s2)
(
s− 1
s+ 1
)(aˆ†+α∗)(aˆ+α)−n
. (10)
It is known [17℄ that the Wigner funtion [18℄, whih orresponds to the density operator ρˆ, is
given by the expression
Wρˆ(q, p) = 2Tr
[
ρˆDˆ(β) (−1)aˆ†aˆ Dˆ(−β)
]
, (11)
where Dˆ(β) is the Weyl displaement operator with omplex argument
β =
1√
2
(q + ip),
with aˆ and aˆ† being the photon annihilation and reation operators.
Let us introdue the displaed density operator
ρˆα = Dˆ
−1(α)ρˆDˆ(α). (12)
The Wigner funtion, whih orresponds to the displaed density operator, is of the form
Wρˆα(q, p) = 2Tr
[
ρˆαDˆ(β) (−1)aˆ
†aˆ
Dˆ(−β)
]
. (13)
By inserting the expression for the displaed density operator into (13), one arrives at
Wρˆα(q, p) = 2Tr
[
Dˆ−1(α)ρˆDˆ(α)Dˆ(β) (−1)aˆ†aˆ Dˆ(−β)
]
. (14)
In view of the properties of the Weyl displaement operator
Dˆ(β)Dˆ(α) = Dˆ(β + α) exp
[
i Im (βα∗)
]
, Dˆ−1(α) = Dˆ(−α),
Dˆ−1(α)Dˆ−1(β) =
(
Dˆ(β)Dˆ(α)
)−1
,
formula (14) an be simplied as follows:
Wρˆα(q, p) = Wρˆ
(
q +
√
2Reα, p +
√
2 Imα
)
. (15)
One an see that the Wigner funtion (13) orresponding to the displaed density operator is
equal to the Wigner funtion (21) orresponding to the initial density operator but with displaed
arguments. The photon-number tomogram is the photon distribution funtion (the probability to
have n photons) in the state desribed by the displaed density operator ρˆα (12), i.e.,
ω(n, α) = Pn(α) = 〈n|ρˆα|n〉, n = 0, 1, 2, . . . (16)
As an example, we onsider, following [19,20℄, the photon-number tomogram of the Gaussian state
of one-mode light desribed by the Wigner funtion of generi Gaussian form
W (q, p) =
1√
det σ(t)
exp
(
−1
2
Qσ−1(t)QT
)
, (17)
where Q =
(
p − 〈p〉, q − 〈q〉
)
and the matrix σ(t) is a real symmetri quadrature variane
matrix. The photon distribution funtion for one-mode mixed light was obtained expliitly in
terms of the Hermite polynomials of two variables in [21℄. The Hermite polynomials of two
variables H{R}n1 n2(y1, y2), where n1, n2 are nonnegative integers and R is a symmetri 2×2 matrix,
are determined by the generating funtion
exp
[
−1
2
(x1 x2)
(
R11 R12
R21 R22
)(
x1
x2
)
+ (y1 y2)
(
R11 R12
R21 R22
)(
x1
x2
)]
=
∞∑
n1,n2=0
xn11 x
n2
2
n1!n2!
H{R}n1 n2(y1, y2).
Applying the sheme of alulations similar to the one used in [21℄ to our photon-number tomogram (16),
we arrive at the photon-number tomogram as a funtion of the Hermite polynomial of two variables
ω(n, α) =
P0(α)H
{R}
nn
(
y1(α), y2(α)
)
n!
, (18)
where the matrix R, whih determines the Hermite polynomial, reads
R =
1
1 + 2T + 4d
(
2 (σpp − σqq − 2iσpq) 1− 4d
1− 4d 2 (σpp − σqq + 2iσpq)
)
.
Here d is the determinant of real symmetri quadrature variane matrix σ(t), i.e., d = σppσqq−σ2pq
and T is its trae T = σpp + σqq. The arguments of the Hermite polynomial are
y1(α) = y
∗
2(α) =
√
2
2T − 4d− 1
[(
〈q〉 − i〈p〉+
√
2α∗
)
(T − 1)
+ (σpp − σqq + 2iσpq)
(
〈q〉+ i〈p〉+
√
2α
)]
. (19)
For the state with displaed Wigner funtion (13), the probability to have no photons P0(α) reads
P0(α) =
2√
L
exp
{
− 1
L
[
(2σqq + 1)
(
〈p〉+
√
2 Imα
)2
+ (2σpp + 1)
(
〈q〉+
√
2Reα
)2]}
× exp
[
4σpq
L
(
〈p〉+
√
2 Imα
) (
〈q〉+
√
2Reα
)]
, (20)
where L = 1 + 2T + 4d.
5 CLASSICAL STATES
Let us onsider the lassial state, for example, the state of a lassial partile with one degree of
freedom with unit mass. We suppose that the partile's position q and momentum p utuate due
to the interation between the partile and some environment. The partile's state is desribed
by a probability distribution funtion fcl(q, p), whih is nonnegative fcl(q, p) ≥ 0 and normalized.
Here we assumed the normalization ondition for fcl(q, p)
1
2pi
∫
fcl(q, p) dq dp = 1, (21)
analogously to the normalization ondition of the Wigner funtion W (q, p).
The tomogram of this state is determined by the Radon transform of the probability distribution
funtion fcl(q, p)
wf (X, µ, ν) =
∫
f
l
(q, p) δ (µq + νp−X) dq dp . (22)
It is alled lassial tomogram. The lassial tomogram an be determined as the expetation
value of a delta-funtion alulated with the help of the distribution funtion fcl(q, p) in the phase
spae
wf (X, µ, ν) = 〈δ (µq + νp−X)〉. (23)
The lassial tomogram is nonnegative funtion and it is normalized∫
wf (X, µ, ν) dX = 1.
The physial meaning of the lassial tomogram is that it is the probability density for the partile's
oordinate X , whih is measured in the phase-spae referene frame subjeted to the saling of
axes and subsequent rotation with respet to the original referene frame. In the same way as in
the ase of Fourier transformation, where information ontained in the funtion is equivalent to
information ontained in its Fourier transform, information on the partile's state ontained in
the distribution funtion fcl(q, p) is equivalent to information ontained in its Radon transform 
the lassial tomogram wf (X, µ, ν). The Radon transformation is invertible
f
l
(q, p) =
1
4 pi2
∫
wf (X, µ, ν) exp [−i (µq + νp−X)] dX dµ dν, (24)
so the probability distribution funtion fcl(q, p) an be reonstruted in view of the lassial
tomogram wf (X, µ, ν).
The ommutative star-produt kernelK(X, µ, ν,X1, µ1, ν1, X2, µ2, ν2) for two lassial tomograms
wf1(X1, µ1, ν1) and wf2(X2, µ2, ν2) is [9℄
Kclassic(X, µ, ν,X1, µ1, ν1, X2, µ2, ν2) =
1
(2pi)2
ei(X1+X2−X(ν1+ν2)/ν)δ
(
ν(µ1 + µ2)− µ(ν1 + ν2)
)
.
The relationship between tomographi star-produt kernels in quantum and lassial mehanis
reads [8℄
K
quant
(X, µ, ν,X1, µ1, ν1, X2, µ2, ν2) = Klassi(X, µ, ν,X1, µ1, ν1, X2, µ2, ν2)e
[i(µ2ν1−µ1ν2)/2].
6 CONCLUSIONS
We reviewed two tomographi-probability approahes  sympleti tomography and photon-
number tomography and showed that they are examples of the star-produt quantization sheme.
We mentioned that, in the quantum ase, the state of the system an be desribed by the
probability distribution funtion instead of the density operator. This provides the possibility to
desribe the objets of both the quantum and lassial natures using the same objets  tomograms.
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